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An experimental investigation has been carried out to determine the behaviour 
of three-dimensional disturbances in laminar natural convection flow adjacent to 
a flat vertical surface with uniform heat flux input. A controlled two-dimensional 
disturbance, with a superimposed transverse variation, was introduced into the 
boundary region by a vibrating ribbon. The downstream propagation and amplifi- 
cation of these disturbances were studied in detail. Of principal interest was their 
nonlinear interaction with the base flow and any secondary mean flows that 
might arise therefrom. Measurements of the transverse mean velocity component 
indicate a double longitudinal vortex system. These results also show a difltortion 
of the longitudinal base velocity profile which rapidly increases downstream. An 
alternate spanwise steepening and flattening of the profile is found to result. 
These mean flow modifications are found to be in good general agreement with 
existing theoretical and experimental studies of such flows. Our results are also 
compared with those obtained for forced flow. Several very important differences 
and similarities are indicated. 

1. Introduction 
One of the most important questions to be answered about any natural con- 

vection flow is whether the flow is laminar or turbulent, since the transport 
processes are strongly dependent on the flow regime. An understanding of the 
basic processes underlying transition from laminar to turbulent flow has, there- 
fore, been the object of interest of many investigators in the past few years of 
rapidly increasing interest in the buoyancy-induced flows which predominate in 
the natural world around us. 

In  considering the question as to how and when laminar natural convection 
flows become turbulent, a study of laminar instability and of its subsequent 
importance in transition to turbulence is of great significance. Such studies deal 
with the behaviour of disturbances introduced in the flow through natural or 
artificial means and concern the conditions which enhance or curb amplification. 
Principal interest is in disturbances that amplify a8 they are convected down- 
stream and on the interaction of such disturbances with the base flow. The 
important matters are how and why disturbances grow and by what mechanism 
they lead the flow to break down and to subsequent transition to turbulence. 

It is generally not feasible in experiments to depend on disturbances which 
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FIGURE 1. Stability plane for Pr = 6.7 (I-Iieber & Gebhart 1971) showing amplitude ratio 
contours in the unstable region. Cross-hatched area denotes ribbon location, in G*, and 
range of frequencies used, in /3. q" = 63.2 B.Th.U./h ft2. Frequencies of maximum ampli- 
fication, from figure 4: m, G* = 405; ., G* = 530; 0, G* = 575. - - - * - ,  PG** = 
constant = 0.60 curve for f = 0.08 Hz. Natural disturbances: +, from Knowles & 
Gebhart (1969). 

enter the boundary region from random sources, i.e. 'naturally' occurring 
disturbances. The most significant results have been obtained from studies of 
disturbances artificially introduced into the boundary layer. Since natural dis- 
turbances consist of many frequencies, it is not reasonable to attempt to simulate 
their magnitude and nature. Therefore, the phenomenon of boundary-layer 
instability and the effects of disturbance parameters like frequency, amplitude, 
etc., on the growth pattern are studied in a controlled experiment in which all 
such quantities may be systematically varied, according to the needs of the 
experiment. 

Since it is believed that upstream disturbances cause later breakdown, it is 
reasonable to seek first a thorough understanding of the initial stages of the total 
process of transition. The initial growth or decay of small disturbances which 
enter a laminar flow has been treated analytically through linear stability theory. 
Such theory was applied initially to forced flows. The first similar consideration 
of laminar instability in natural convection was the establishment of the stability 
equations by Plapp (1957). Nachtsheim (1963) gave the first numerical solutions 
of the coupled disturbance equations. Recent years have seen much additional 
analytical and experimental investigation of this mode of instability, see Gebhart 
(1973). For natural convection over a flat vertical surface, the predictions 
of linear theory have received support from the experimental findings of 
Colak-Antic (1964), Polymeropoulos & Gebhart (1967), Dring & Gebhart (19694 
and Knowles & Gebhart (1969). The studies of Pera & Gebhart (1973) and of 
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Mollendorf & Gebhart (1973) for other flow configurations also show less com- 
plete, but good, agreement between the results of linear stability theory and 
experiment. It may now be inferred from these results that linear stability theory 
has given very satisfactory and valuable predictions of both the initial instability 
and the early growth of disturbances. 

Linear stability analysis initially indicates the response of the flow to a two- 
dimensional disturbance. The resulting stability plane is in terms of a non- 
dimensional disturbance frequency ,8 and a local Grashof number, see figure 1. 
For a uniform heat flux surface the Grashof number G* is defined as 

G* = 5(gflTq”X4/5k~2)#, 

where x is the distance along the vertical surface from the leading edge, q” the 
uniform surface flux, k the thermal conductivity, v the kinematic viscosity, Br 
the coefficient of thermal expansion and g the acceleration due to gravity. The 
neutral curve eo indicates the frequency and Grashof number conditions beyond 
which disturbances begin to amplify. On one side there is a stable region and on 
the other side an unstable one. The significance of this plane is that, if we pick 
particular values of G* and fl, we have an indication of whether or not the 
disturbance will amplify locally. 

A very striking result has been obtained from these calculations of disturbance 
amplification rates in flows adjacent to vertical surfaces. A very narrow band of 
frequencies has been found to be subject to very rapid downstream amplification, 
see Gebhart (1973). This characteristic is seen on figure 1. Paths of the convection 
of a disturbance of any particular physical frequency p downstream are given by 
PG** = constant, in these generalized co-ordinates. The dashed curves shown are 
for several values of p .  The solid curves in the unstable region indicate the values 
of G* at which a disturbance of unit magnitude at  neutral conditions has been 
amplified to a magnitude el, e2, etc. The extreme narrowness of the highly ampli- 
fied region at large C* indicates very sharp filtering. Experimental observations 
of Eckert & Soehngen (1951), Polymeropoulos & Gebhart (1967), Knowles & 
Gebhart (1969), Szewczyk (1962) and Godaux & Gebhart (1973), for flows subject 
to natural disturbances, corroborate this prediction of filtering. Highly amplified 
disturbances were found at high Grashof numbers and their predominant fre- 
quencies fell in the narrow band of high amplification predicted by the analysis. 
This suggests, as does the analysis, that in any given flow a disturbance of almost 
a single frequency is selectively amplified downstream. We would expect that 
such highly amplified disturbances may eventually cause turbulent bursts of 
large amplitude, which would in turn lead to complete turbulence. In  forced flow, 
bursts are thought to follow from highly amplified disturbances. 

The important disturbances at the initial stages are taken to  be two- 
dimensional, see Knowles & Gebhart (1968). Therefore, the first stability 
analysis treated disturbances of this form. We would expect these results to 
apply strictly only for disturbances of small amplitude. As the disturbances grow 
downstream transverse effects may also appear and be amplified. Nonlinear 
mechanisms will eventually become important and possibly in several ways. 
Thus, for highly amplified disturbances, typically in regions far downstream from 
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the neutral curve, two-dimensional linear theory will fail and three-dimensional, 
or transverse, and nonlinear effects must be included in a realistic analysis. 

In  most of the experiments, usually qualitative, dealing with eventual transi- 
tion in natural convection flows, three-dimensional effects have been obmrved. 
Eckert, Hartnett & Irvine (1960) employed smoke threads for flow visualization 
in natural convection flow over a flat vertical surface in air. Two-dimensional 
waves appeared fist ,  with wave fronts essentially normal to the flow direction. 
These amplified as they moved downstream. Then vortices arose normal to the 
flow direction and parallel to the flat surfam, i.e. transverse vortices. Vortices 
with axes parallel to the flow direction were also observed. These latter longi- 
tudinal vortices indicate the presence of transverse effects in the process. There- 
fore, it is inferred that the disturbances were initially predominantly two- 
dimensional and that, at some stage, transverse effects became significant. 

Colak-Antic (1964) used hot-wire anemometers to study the behaviour of 
controlled disturbances along a flat vertical surface in air. Although a transverse 
component of velocity was detected, no definite conclusions were reached 
regarding transition. In  another study on a flat vertical surface in water (Colak- 
Antic 1962), longitudinal vortices were seen with the help of a special visuali- 
zation technique. A double longitudinal vortex system was found; one vortex 
was close to  the wall and the other extended far out into the boundary region. 

In  addition to these observations, the very fact that turbulent flow is a three- 
dimensional phenomenon indicates that at some point during transition some 
such three-dimensional effect must become significant. The analysis of Benney 
(1961; see also Benney & Lin 1960), as well as the subsequent experiments of 
Klebanoff, Tidstrom & Sargent (1961), both for forced flow, alsoled to the conclu- 
sion that three-dimensional effects are an essential part of transition of that flow. 
We may also reasonably expect that three-dimensional secondary mean flows 
are an important and necessary feature in natural convection transition. 

The present work was undertaken to study the growth and propagation of 
three-dimensional disturbances in a natural convection flow. We have studied 
the detailed nature of three-dimensional disturbances, their growth and their 
subsequent interaction with the base flow. For such a mechanism it is very 
important to investigate any longitudinal rolls which may arise and the distance 
they extend across the boundary region. Another aspect of importance is the way 
in which vortices might modify the mean flow. For example a ‘shear layer’, 
a region of intense shear, might arise and may be expected to contribute to  rapid 
disturbance growth. The later formation of concentrated turbulent bursts might 
be associated with such features. 

The detailed experimental study of Klebanoff et al. (19611, in forced flow and 
with controlled three-dimensional disturbances, clearly indicated that longi- 
tudinal vortices arise through nonlinear three-dimensional phenomena. These 
measurements detected a spanwise distribution of single longitudinal vortices, 
stretching out into the boundary region from the wall. The development and 
growth of these disturbances downstream were also studied. 

Audunson & Gebhart (1973) have analysed the inferaction of two- and three- 
dimensional disturbances and have calculated the resulting nonlinear effects, in 
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a natural convection flow over a uniform flux, vertical surface in air. The sharp 
filtering found in these flows suggested an analysis similar to that of Benney 
(1961). These new calculations also indicate the presence of a system of mean- 
flow longitudinal vortices. It consists of an inner roll close to the wall and an outer 
roll stretching across the boundary region and out into the ambient fluid. These 
transversely alternating vortex pairs were inferred to give rise to an alternate 
spanwise flattening and steepening of the mean longitudinal velocity profile. 
This distortion of the base flow was found to increase downstream, for a parti- 
cular disturbance frequency to which the flow is very unstable. Thus, regions of 
high and low shear, that is, local shear layers, are predicted. These could contri- 
bute to the mechanism of the eventual deterioration of the flow to turbulence. 

In  the present experimental study controlled two-dimensional disturbances, 
with a superimposed transverse variation, were introduced into the boundary- 
layer flow arising adjacent to a, uniform surface flux, vertical surface in water. 
Their subsequent behaviour downstream was studied. The transverse variation 
waa superimposed over a two-dimensional disturbance through a vibrating 
ribbon which had a spanwise variation in width, see figure 2. Disturbance 
propagation and growth were investigated with hot-wire anemometers. 
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A study of the consequences of naturally arising three-dimensional disturb- 
ances would be even more difficult than for natural two-dimensional disturb- 
ances, owing to the added spanwise co-ordinate. Continuous measurements 
would have to be taken simultaneously at many points along and across the 
vertical surface. This was not attempted in this study. 

The measurements definitely established the presence of a double longitudinal 
vortex system in the boundary region. These vortices were inferred from 
measured variations, across the boundary layer, of a transverse mean velocity 
component which arose from nonlinear disturbance interactions. This component 
was found to change sign twice, suggesting a double vortex system. The presence 
of vortices was confirmed by measured transverse variations of this velocity 
distribution. 

The inner roll lies very close to the wall. The outer one stretches far out in the 
boundary layer and even into the ambient medium, in accordance with the pre- 
dictions of the analysis of Audunson & Gebhart (1973). The spanwise periodicity 
of the vortex system was determined from the measurements of the spanwise 
variation of the transverse mean velocity component. Measurements of the longi- 
tudinal mean flow velocity also indicated an alternate steepening and flattening 
of the profile around its inflexion point. Both the double vortex system and the 
points of high and low shear were found to have a spanwise periodicity identical 
to that of the transverse disturbance variation introduced into the boundary 
layer by the upstream vibrating ribbon. 

In  addition, the downstream growth pattern of the disturbances was measured 
at  various spanwise locations. The frequency response of the flow was determined 
and the variation of the amplitude of such disturbances across the boundary 
layer was measured. It was found that the amplitude of the periodic part of the 
longitudinal velocity component varies in the spanwise direction. The measured 
spanwise locations of maxima and minima of its amplitude correspond closely 
to the maxima and minima of the disturbance introduced upstream by the 
ribbon. 

2. The experiment 
The experiment was carried out in water in a boundary layer generated 

adjacent to a uniform flux, flat, vertical surface. Water was chosen since high 
Grashof numbers are obtainable with a surface of reasonable height, even at  
temperature differences of the order of a fOw degrees, less than 5 O F  in this study. 
Hollasch 8: Gebhart (1972; see also Hollasch 1970) have shown that, with water 
of high purity, at a resistivity around 1 MQ cm, it is practical to make detailed 
velocity measurements with bare hot wires. Therefore, it was decided to use hot 
wires in pure water. 

The flat surface which generated the flow was a stretched stainless-steel foil 
0.001 in. thick and 6 in. wide. The foil was stretched vertically between two knife 
edges and was 27 in. high. It was adjusted to be vertical by a plumb bob and was 
heated electrically by means of a regulated d.c. power supply. The voltage across 
the foil was measured by a digital voltmeter and current through it by a shunt 
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FIGURE 3. Hot-wire calibration curves. 0 ,  resistance = 1.17 R;  
0, resistance = 1.29 Q. 

resistance in series. The uniform foil thickness, manufacturing tolerance around 
5 %, provided a uniform flux surface condition, since the flux is obtained from 
electrical dissipation. 

The investigation was carried out in a 27 x 27 x 36 in. high tank made of glass 
walls supported by stainless-steel angles. Only stainless steel and teflon were used 
in the entire arrangement of foil, probes, vibrator, etc., as these were found by 
Hollasch & Gebhart (1972) to be non-contaminative to water. 

Constant-temperature hot-wire anemometers (Disa model 55D01) were 
employed to measure both fluctuating and mean velocity components. Measure- 
ment of longitudinal velocity required only one hot wire. Two wires in a 
V-arrangement were used to measure the transverse component. The hot-wire 
supports were silver plated and the sensor wire was 0-0005 in. diameter platinum. 
The silver supports provide 'anodic protection' for the platinum wire as men- 
tioned by Hollasch & Gebhart (1972). This reduces the drift in the calibration 
of the hot wire. 

The hot-wire probes could be positioned at  any point in the boundary region. 
Vertical and transverse locations were measured by scales with divisions of 
0.05 in. and the position normal to the foil (in y) was determined by a micrometer 
with divisions of 0.001in. The position of the surface was determined by an 
electrical circuit as described by Jaluria (1972). 

Calibration of the hot wires was carried out by the technique developed by 
Wing & Gebhart (19693). Water having a resistivity of about 1MQcm was 
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used and the probe was held stationary in fluid translating vertically upwards. 
The relation between the velocity and buoyancy effect during calibration was 
the same as it was later during the measurements of the longitudinal Component 
of velocity. In  the transverse velocity component measurements, the relation was 
different. However, the effect is expected to be negligible, since the transverse 
velocity component is a very small perturbation to the longitudinal component. 

The velocity range during calibration was 0-0-4in./s, the range expected in 
this investigation. Calibration curves for two hot wires, of resistance 1.17 and 
1-29 a, are shown in figure 3. All the hot wires employed in the study had a resist- 
ance of 1.17 a. The second curve is shown only to indicate the influence of the 
hot-wire resistance on calibration. Both the curves are seen to be linear over the 
velocity range 0.03-0-33in./s and are concave upwards outside this range. 

The hot-wire signals were recorded on a two-channel Offner dynograph (type 
RS). The overheat ratio of the hot wires was always 1.1. The sensor temperature 
at  this overheat ratio is about 60 "E" above the surrounding temperature. Since the 
temperature excess of the hot wire is much greater than the temperature varia- 
tion across the boundary layer, the error in the calibration curve due to back- 
ground temperature changes across the boundary region is negligible. 

The controlled disturbance was introduced into the boundary layer by a 
ribbon parallel to the z axis and vibrating normal to the foil. The ribbon (0.001 in. 
thick and 7in. wide) had a transverse variation in height, as seen in figure 2, to 
superimpose a transverse variation on the two-dimensional disturbance. The 
motion of the ribbon was sinusoidal and its amplitude and frequency could be 
controlled and measured. The arrangement employed was similar to that of 
Knowles & Gebha.rt (1969), except for the transverse variation in ribbon height. 
The ribbon could be positioned anywhere in the boundary region, in x and y- 

The positioning of the vibrating ribbon is an important matter. First, the 
disturbance must be introduced into a flow region which is unstable or soon to be 
unstable to two-dimensional disturbances. However, since neutral conditions 
for transverse effects are not known, it is not possible to know if the chosen 
vibrator location is actually in a flow which is unstable to these effects. 

The ribbon was placed a t  x = 4in., which spans a range of G* of 140-160 for 
the power input levels used in this study. This is downstream of the known 
neutral curve. A ribbon frequency of 0.08 Hz was chosen for most of the detailed 
measurements and for reasons set forth later. This frequency path, for the 
frequency and a typical value of the surface heat flux used in the experiments, 
is drawn in figure 1 over the downstream range of G* studied (400-600). The 
ribbon location in terms of G* and ,!I, for all measurements made, is also shown 
as the cross-hatched region on figure 1. 

The ribbon was positioned just outside the inflexion point of the base velocity 
profile. The advantage of this location is that the slope of the profile is more or less 
uniform in this region. Therefore, if the mean position (in y) of the vibrator is 
shifted somewhat, there should be no large change in the velocity disturbance 
imparted by a given ribbon vibration amplitude. Ribbon amplitudes were usually 
less than 0*003h., compared with a velocity boundary-layer thickness of about 
0.7in. The disturbances were introduced at low enough values of Q* (140-160) 
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to  allow the boundary layer to interact with the input disturbance over a suffi- 
ciently long time and distance before measurements were taken downstream. 

Steady flow was attained within a few minutes, owing to the low thermal 
capacity of the foil. Initial measurements showed that test times up to 25min 
could be employed without appreciable stratification or circulation arising in the 
tank. All measurements were made at  z locations at  least 1 in. from the edge of 
the heated surface, to avoid end effects. 

It is to be noted that the downstream value of G* at which nonlinear effects 
will become important depends on the magnitude of the input disturbance. Small 
input disturbances give the flow some distance in which to adjust the disturbance 
to a form consistent with disturbance growth mechanisms well before the ampli- 
tude is large enough to result in significant nonlinear effects. Thus, with initially 
small disturbances, it might be possible to study some aspects of the three- 
dimensional nature of the disturbances as they are convected downstream in 
the absence of significant nonlinear effects. 

3. Experimental results 
The disturbance introduced into the boundary layer by the ribbon is two- 

dimensional with a superimposed transverse variation. The resulting velocity 
disturbances and mean flow were measured downstream in the G* range 400-600, 
indicated in figure i. For the ribbon, figure 2, the middles of the portions of 
greater ribbon height are termed maxima and those of the portions of smaller 
height minima. These transverse positions are of special importance in this study. 

The local mean flow is the sum of the base flow and of any secondary mean flow 
which has arisen through interaction among the disturbances or because of their 
interaction with the base flow. The three mean flow components are denoted by 
U ,  V and W and the base flow by u b  and 6. Note that wb = 0. Thus U -  U,, 
V - V, and W are the components of the secondary mean flow. The periodic parts 
of the velocity components are denoted by u, 8 and w. The quantities measured 
were the longitudinal and transverse components of the mean flow (U and W )  
and the amplitudes and frequencies of u and w. Their distributions were deter- 
mined across the boundary region (in y) at various transverse positions x and at 
various downstream locations x. 

Effect of disturbance frequency 
The first important question is whether or not the transverse variation super- 
imposed on the two-dimensional disturbance affects the ‘frequency filtering ’ 
mechanism found to  be characteristic of these base flows, see Gebhart (1973). In 
our first experiments the frequency of the vibrator was varied, at constant 
disturbance amplitude. Measurements were made at different downstream 
locations x and at  x corresponding to both a maximum and a minimum. The hot 
wire was located between the peak and the inflexion point of the base flow 
velocity profile. The local maximum of the amplitude of the longitudinal com- 
ponent of the velocity disturbance 21 had been found both from theory and 
experiment to be at  this location in the boundary region, see Gebhart (1969). 
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FIGURE 4. Variation of the amplitude of the longitudinal component of the velocity 
disturbance u with the frequency of the input disturbance at LE maximum (solid curves) 
and a minimum (broken curves). At a maximum: +, G* = 405; 0, G* = 530; 0 ,  
G* = 575. At aminimum: a, G* = 405; A, G* = 530. 

Our subsequent investigation of the variation of the amplitude of u across the 
boundary region again confirmed this. 

The hot wire was placed parallel to the foil and horizontal, i.e. parallel to the 
x axis. This orientation measures the longitudinal component U of the mean 
velocity and the periodic component u. In  the range of the Grashof number and 
input disturbance amplitude investigated, the measured u was sinusoidal. 

The amplitude of u is plotted against the frequency of the input disturbance. 
The results are best considered in terms of the characteristic length 6 and 
velocity U": 

where 7 is the similarity variable and G* is the local Grashof number, for a uniform 
flux surface. The disturbance frequency f ( p  = 2nf) and wavenumber ZB = 2n/h 
are non-dimensionalized as 

6 = 5x/G", U" = v G " ~ / ~ x ,  7 = y/S = yC*/5~, 

The response of the boundary layer to disturbances of constant amplitude but 
of varying frequency is seen in figure 4. The amplitude of the periodic component 
u is normalized by urnax, the maximum amplitude measured over the frequency 
range at  that downstream location, i.e. at  that value of a*. This ratio is plotted 
against p. A pronounced frequency filtering effect is seen for both z locations. 
Each curve peaks near a particular value of p. For values of frequency outside 
the range shown, the signal was too small to be reliably detected against the 
background of noise. 
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It is apparent from these results that the boundary layer amplifies input 
frequencies selectively and only over a very narrow range of frequencies. This 
agrees with the predictions of the linear stability theory for two-dimensional 
disturbances, see Gebhart (1973). Another significant result is the shift of the 
value of ,8 for maximum amplification towards smaller values as G* increases. 
This again agrees with the linear stability theory results. In  fact, it is found that 
these peaks occur, for both the transverse locations, a t  values of ,8 almost exactly 
equal to those predicted by linear stability theory to be most highly amplified at  
the values of G* where measurements were taken. See the points at  these peaks 
plotted on figure 1. 

We see from figure 4 that the amplitude curves at the two transverse locations 
corresponding to a maximum and a minimum are very similar. For each value 
of G* the peaks are found at  almost the same values of ,8. Both shift to lower 
values of ,8 with increasing G*. However, the peak regions at a minimum are 
somewhat narrower, 

The value of ,8 at the peak is seen to range from about 0.03 to 0.024 as G* 
increases from 405 to 575. However, the corresponding physical frequency f was 
approximately constant, about 0.08 Hz. Thus, it is approximately a single 
frequency that is most highly amplified in the flow. 

As indicated above, the path of the downstream convection of a disturbance 
of constant physical frequency in (P, a*) co-ordinates is /3G** = constant. The 
path drawn on figure 1 in the range G* = 400-600 is for f = 0-08 Hz. It was calcu- 
lated for the heat flux level typical of our experiments, p" = 63-2 B.Th.U./h ft2. 

The above results indicate that a spanwise variation in the input disturbance 
does not significantly affect the frequency response of the boundary layer to 
two-dimensional disturbances. Therefore, a frequency of 0.08 Hz was chosen for 
the input disturbance in our subsequent investigations of other aspects of dis- 
turbance growth. In  all measurements downstream, u was found to be sinusoidal 
at  the frequency of the input disturbance. 

Amplitude of u 'us. 7 
When the frequency of the vibrator had been chosen, the variation of the ampli- 
tude of u with y, or 7, i.e. across the boundary region, was studied. This charac- 
teristic is important for two reasons. First, amplification mechanisms for three- 
dimensional disturbances might be apparent in changed forms of this distribution 
at  various transverse locations. In  the absence of transverse effects the form of 
this distribution would not be expected to vary across the width of the foil. 
Second, in order to detect the true downstream amplification rates of disturb- 
ances, it is necessary first to know how u varies across the boundary region and 
where its amplitude is a maximum. 

The variation of the amplitude of u across the boundary region was measured 
at  a number of spanwise locations. Since our interest lies mainly in the form of 
this distribution, rather than in actual local values, the measured distributions 
were normalized by urnax, the maximum value measured across the boundary 
region (in q )  at that value of x and G*. The distributions obtained a t  a transverse 
location corresponding to  a maximum of the input disturbance are shown in 
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Sgure 5, for G* = 405,460,530 and 575. Those obtained at a minimum, and for 
G* = 460 and 530 are seen in figure 6. 

The form of these amplitude curves is seen to change with G* and also with 
transverse position. All the curves have two peaks. The first one is very close to 
the surface, for all values of C*, and is at  around q = 1.0. This agrees with the 
theoretical study of Knowles & Gebhart (1968). The second peak is much 
broader for higher G*. As G* increases, both the peaks shift toward higher 7. 

The change in these distributions with an increase in G* is similar to the 
theoretical findings of Dring & Gebhart (1968) and to the measurements of 
Dring & Gebhart (1969a) in a light silicone oil, Pr = 6.7. We found the outside 
peak to be lower in height than the inside one, being 50-80 % of its magnitude a t  
a maximum and about 80-95 % at a minimum. No interesting conclusion has 
been drawn from such results concerning the effect of G* on the relative height 
of the second peak. 

These measurements have some interesting implications. If the disturbances 
a t  the two transverse locations had amplified independently of any transverse 
effect, then according to linear stability theory, the distributions at the two 
transverse locations would be very similar in form and differ only in the physical 
amplitude of u. However, these data show that they do not propagate inde- 
pendently. The transverse variation present in the input disturbance must cause 
these meaaured transverse modifications of the amplitude distributions. 

It is conceivable that nonlinear interactions are solely responsible for this 
behaviour, instead of any purely periodic transverse amplification mechanism in 
the boundary layer. Any such nonlinear effect would be likely to become impor- 
tant less far downstream of the positions corresponding to maxima in the inpub 
disturbance than those corresponding to minima, since the amplitude of the 
initial disturbance is greater there. If nonlinear mechanisms do arise in the 
propagation of u, then its distribution at  a maximum would deviate at  lower G* 
from the form of two-dimensional disturbances which applies in the linear range. 

The above data were compared with the theoretical curves obtained by 
Dring & Gebharb (1968) and with the experimental results of Dring & Gebhart 
(1969a). The new data, at  G* = 405 and 460, match these curves more closely a t  
a maximum than at a minimum. Therefore, it may be that the measured trans- 
verse variations in the form of u are, over this range of G*, due to a periodic and 
linear transverse effect rather than to a nonlinear interaction. Recall that the 
input disturbances were very small. However, the forms of the curves at G* = 530 
and 575 are found to be very different, suggesting significant nonlinear effects. 

The transverse variation of the amplitude of u 

Since the x component U, of the base flow velocity is much larger than the 
y component, it is expected that the u disturbance component is much greater 
than the v component. Therefore, u was considered characteristic of the disturb- 
ances and attention was focused on its transverse variation. The variation of u 
with z (at given y, or 7) was measured to determine in more detail the nature of 
disturbance propagation downstream. 

The measured amplitudes of u were normalized by the maximum value 
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FIUURE 7. Spanwise distribution of the amplitude of u. @, G* = 406, 
7 = 0.84; 0, G* = 460, 7 = 0.82. 

measured in the traverse across the surface, again called urnax. The results a t  
G* = 405 and 460 are shown in figure 7. The data were taken at q = 0.84 for 
G* = 405 and at 7 = 0-82 for G* = 460. Both these traverses were just outside 
the inside peak in the u distribution across the boundary region. 

First, the peaks and valleys are very sharp. This is quite unlike the expected 
nature of the input disturbance, which is not expected to produce such sharp 
maxima or minima. Amplifying transverse effects are, therefore, accentuating 
the spanwise variation of u. A disturbance whose transverse effects are damped 
is expected to result in much flatter curves. These variations imply that these 
measurements were taken in the amplifying region for transverse effects. How- 
ever, it is not possible to determine whether the disturbances had been initially 
introduced in the stable or unstable region for such transverse effects. 

Another significant observation is the more or less vertical propagation of the 
disturbance pattern. The z locations of maxima and minima in the input dis- 
turbance, indicated in figure 7, continue to be the respective locations for peaks 
and valleys in the u us. z distributions downstream. Klebanoff et al. (1961) found 
the same behaviour in forced flow. The initial spanwise positions of maxima 
and minima in u were preserved downstream. 

However, we found that disturbances in the tank could lead to a x shift of the 
disturbance pattern. When such disturbances disappeared the pattern returned 
to its original position. This sensitivity to small disturbances is probably a 
consequence of the small velocities characteristic of natural convection flows. 
They are sensitive to very small effects. 



Nonlinear disturbance behccviour in natural convection 351 

7 -  

6 -  

5 -  

2 4 -  
II 

& 
3 = 3 -  3 

- 

2 -  

1 -  

0 '  

Disturbance growth downstream 

The results thus far indicate that a strong transverse variation arises in the u 
component amplitude, even at  a local G* as low as 405. Even if the disturbance 
grew simply as a purely two-dimensional disturbance, we would still have a 
z variation, because of the form of the input disturbance. However, the sharp 
downstream peaks and valleys indicate amplifying transverse effects. Therefore, 
it was necessary to determine accurately whether these effects increase with 0". 

The rate of amplification, in terms of G*, was measured for z locations corre- 
sponding to both a maximum and a minimum of the input disturbance. If the 
disturbance were to grow locally as a simple two-dimensional disturbance, the 
measured growth rates would be the same at the two transverse locations, within 
the range of linear amplification, even though the local amplitude in z would vary. 

The disturbance growth rates were measured at various levels of input ampli- 
tude and a t  y = 0-17in. This location corresponds to 7 = 0.91 and 0.86 for 
G* = 400 and 500, respectively. The results are shown in figure 8. The ribbon 
amplitudes A were 0.002, 0.003, 0.006 and 0.007in. The measured local ampli- 
tudes of u are normalized by its value at G* = 400, the lower limit of the Grashof 
numbers investigated in this study. The region immediately downstream of the 
vibrating ribbon was avoided because the velocity disturbance is very small 
there, making accurate measurements difficult. Also, the physical form of the 

I I I I 
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disturbance would be expected to be quite artificial for some distance down- 
stream of the ribbon. 

The local G* was varied by changing x for the curves corresponding to 
input amplitudes of 0.002, 0.006 and 0.007 in. For A = 0.003in. G* was changed 
by varying the surface heat flux q". The measured amplification rates appear to 
be independent of the way in which G* is varied. 

For very small input disturbance amplitudes, A = 0.002 and 0*003in., the 
growth rate at each transverse location is seen to be independent of A up to about 
G* = 440. Linear processes clearly dominate in this range, even though the 
growth rate is significantly less at  a minimum. A comparison of the measured 
amplification rates at  il maximum with those predicted by linear stability theory 
supports this conclusion. The calculated ratio of the amplitude of u a t  G* = 450 
to that at  G* = 400, from figure 1, is 1.6. The measured value is 1.7. At a minimum 
it is 1.4. The same comparison over the G* range 400-500 gives 3-0 vs. 2.3 at a 
maximum and 2.0 at a minimum. The small difference at  a maximum may be due 
to a change in form of the u 2)s. r,~ curves with a*, rather than to significant trans- 
verse or nonlinear effects. Since the peak in the u distribution across the boundary 
layer shifts to higher 7 as G* increases, the measured amplitude ratios would be 
expected to be lower than the calculated values for these measurements taken at  
a constant value of y. The larger difference at  a minimum is perhaps due to other 
effects discussed later. 

The measured amplitudes are also compared with the estimated magnitude 
of the velocity disturbance introduced at  the ribbon. This magnitude is estimated 
as the difference between the velocities in the theoretical base velocity profile 
corresponding to the peak-to-peak positions (in y) of the vibrating ribbon. For 
q" = 63-2B.Th.U./h ft2, the velocity disturbance at the ribbon is calculated as 
0*00106in./s for A = 0.003in. The amplitude ratio contours on figure 1 also pre- 
dict the velocity disturbance magnitude at  G* = 400 in terms of its magnitude 
at the ribbon, where G* = 140. From these contours the amplitude of u at 
G* = 400 is calculated to have been amplified to 0-0276 in./s. The experimentally 
measured velocity disturbance at  G* = 400 is 0*0033in./s. This tenfold dis- 
crepancy suggests that this method of calculating the velocity disturbance 
induced by the ribbon is inaccurate. It would appear to be difficult t o  estimate 
the actual velocity disturbance introduced by the vibrating ribbon. 

The curves on figure 8 for higher amplitude input disturbances, i.e. greater 
than 0.003 in., show significantly greater disturbance growth rates. This indicates 
significant nonlinear effects. The growth rate is seen to be a rapidly increasing 
function of the initial disturbance amplitude in this range of G* and A .  

As we have seen, the growth rate at the transverse location corresponding to  
a maximum in input disturbance is greater than that at a minimum. This differ- 
ence in growth rates is found to be much greater at  larger values of A .  This is 
again due to nonlinear effects. However, even for small A ,  the difference in 
growth rates at  the two positions is significant and we must conclude that these 
disturbance growth rates are affected by either linear or nonlinear transverse 
mechanisms, or by both. 

We wished to determine whether the fact that the growth rate is greater at 
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FIGURE 9. Variation of amplitude of u with the amplitude of the input disturbance A ;  
G* = 405, y = 0.16 in. (7 = 0.84). 0 ,  at a maximum; 0, at a minimum. 

a maximum than at a minimum, even for low initial amplitudes and at G* less 
than 440, is a linear consequence of the transverse disturbance effects or of anon- 
linear interaction. Recall that, at higher values of G*, nonlinear effects arise and 
cause the observed additional increase in the disturbance growth rate. The addi- 
tional data of figure 9 suggest that the initial spanwise differences are due to 
linear transverse effects on u, at C* around 400. The measured amplitude of u 
(at G* = 405) is plotted as a function of the vibrator amplitude A at transverse 
locations corresponding to both a maximum and a minimum in input disturbance. 
The relation is clearly linear at  small ribbon amplitudes, even though the ampli- 
tudes are different. Thus the growth mechanism of u is a t  least predominantly 
linear at  all z. 

At higher input amplitudes the growth rate increases at  a maximum. In all our 
subsequent experiments the amplitude of the vibrating strip was limited to 
0-003 in. 

The transverse component of the velocity disturbance 

These measured variations of the amplitude of u across the width of the foil imply 
at least a periodic transverse disturbance w. Since the input disturbance is 
periodic in time, as is u, we would expect w to be periodic at the same frequency. 
In  addition, as the amplitude of u varies through the boundary layer (in y), we 
would expect that of w to vary also. In  order to establish the very existence of 
a transverse disturbance component, and to verify these characteristics, measure- 
ments were made to detect w. However, we recall that the principal objective of 
this study is the nature of any secondary mean flow, in particular W ,  not the 
periodic component w of the transverse velocity. Therefore, only two experiments 
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FIGURE 10. Distribution of the amplitude of the transverse component w of the velocity 
disturbance across the boundary region at z = 3-0 in. 0, G* = 405; 0, G* = 460. 

were carried out, at  G* = 405 and 460. These were both at a transverse location 
between a maximum and a minimum ( x  = 3.0). A V-arrangement of two hot-wire 
probes, oriented in a plane parallel to the vertical surface, was used. 

The measurements indicate that w is sinusoidal at  the frequency of the input 
disturbance. The amplitude variation across the boundary region is plotted in 
figure 10. These curves are of w normalized by w,~, the maximum value 
measured in the traverse. The peaks in amplitude occur at around 7 = 1.0, the 
region in which the amplitude of the u distribution also has a peak. The w disturb- 
ance extends all the way across the velocity boundary layer and, at its edge, is 
still 5-10 % of its maximum value. The peak value shifts to higher values of 7, 
and the distribution reaches out further into the boundary layer, at higher a*, 
as does the u component amplitude distribution. 

Secondary mean flow 
Our primary interest was to detect and measure the nature of any secondary 
mean flow which might arise from a nonlinear interaction among spanwise- 
varying disturbances and/or the base flow velocity field. In  particular we wanted 
to determine if any mean-flow longitudinal vortex system arises to distort the 
base flow. 

Our earlier measurements on the growth of disturbances downstream indicated 
a predominance of linear growth mechanisms around G* = 400, for A less than 
0.003 in. Nonlinear effects were noticeable around G* = 440. However, it must 
be noted that the growth rates were shown with the amplitude of the disturbance 
at  G* = 400 taken as unity. Therefore, it is to be expected that deviations from 
the linear processes would not be apparent immediately downstream. 
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FIGURE 11. Distribution of the transverse component W of the mean velocity across the 
boundary region. (a) 0,  G* = 400 at z = 3.4in.; 0, G* = 460 at z = 3.4in. (b) rA, 
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FIGURE 12. Distribution of the transverse component W of the mean velocity across the 
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Significant nonlinear effects give rise to Reynolds stresses which in turn cause 
a redistribution of momentum in the boundary region. This gives rise to the 
secondary mean flow. This could in turn modify the rate of energy transfer from 
the mean flow to the disturbances and subsequently their rate of growth. As 
indicated below, secondary mean flow was found to be present at cT* = 400, even 
though our measurements on u disturbance growth had not shown the presence 
of nonlinear effects until about G* = 440. 

To establish whether such a longitudinal vortex system is indeed a consequence 
of amplifying three-dimensional effects in the boundary layer, qualitative study 
may be undertaken by visualization techniques, e.g. those employed by Eckert 
et al. (1960) and by Colak-Antic (1962). Since considerable ambiguity is 
possible in such observations, we sought quantitative information concerning 
any such vortex system and undertook measurementsof its location in and extent 
across the boundary region. 

This required the accurate measurement, over the boundary region, of the 
transverse component W of the mean velocity. Taking W as positive along the 
positive z axis, changes in its sign across the boundary region (in y) would 
strongly suggest longitudinal vortex motion. A changing form of W(y) with z 
might confirm it. For example, a single longitudinal roll vortex system would 
result in a W(y) distribution which is once positive and once negative and with 
reversing characteristics in z. This behaviour was found by Klebanoff et al. (1961) 
in forced flow. 

The same V-arrangement of hot-wire probes was again used. The difference 
between the mean signal of the two wires is the W component. Distributions of 
W vs. 7 were obtained by traversing the boundary region for the G* range 
400-500, at  several transverse locations. 

The results are shown in figures 11 and 12. In  these curves W is normalized by 
U, max, the measured maximum velocity in the base profile without disturbances. 
The distributions in figures 11 and 12 (a) were measured a t  the transverse loca- 
tionsz = 2.75,2-9,3-0,3*1 and 3.4in. for G* = 460. Recall that one of the maxima 
in the input disturbance is at  z = 2.8 and the adjacent minimum is at x = 3-3in. 
These distributions show in detail the transverse variation of the W distribution. 
Figure 11 (a) also shows the distribution a t  z = 3-4 in. for G* = 400 and, therefore, 
indicates the changing form of W(7) with G*, at this transverse location. Figure 
12 ( b )  shows the distribution at both z = 2-85 and 2.95in. for G* = 500. 

Two distinct forms of curves are obtained. One form, corresponding to the two 
curves of figure 11 (a) and the one of figure 11 (b )  at x = 2*75in., shows negative 
values of W a t  low 7, near the surface, rises to a peak at  positive W ,  then returns 
to  negative values and a minimum before gradually dying out at large 7. The 
second form, seen in figure 11 ( b )  at z = 2.90in. and in figure 12, does just the 
opposite. It starts with positive values of W ,  etc. In  all results the tails, at large 7, 
sometimes extend, with large values of W ,  well beyond the outer edge of the 
boundary region, which is found at  7 M 5.5 and indicated in figures 11 and 12. 

Since W must be zero at  the wall for each distribution, there must be a local 
extremum in W very close to the wall, either a maximum or a minimum, for all 
of these distributions. This extremum has been mapped in some later measure- 
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ments by going very close to the wall. Our earlier traverses were not carried very 
close to the wall because of fear of a ‘wall effect ’ . However, in later measurements 
we found no significant effect of the heated surface on the hot-wire signal, even 
at very small distances from it. 

I n  forced flow the comparable boundary layer is much thinner than in natural 
convection and the physical distance from the wall for similar values of g is much 
less. Thus readings may be distorted, as Klebanoff et al. (1961) concluded for 
their results, However, it is interesting to note that these investigators chose to 
ignore readings very close to the wall which might have, in fact, substantiated 
the presence of a second inside vortex. We think that our measurements very 
close to the wall, even at  g = 0.2, are reliable and accurate. 

All the results indicate that W changes sign twice as the boundary region is 
traversed. This points to the presence of a double longitudinal vortex system. 
This is confirmed by the variation of the W distribution across the width of the 
foil, as we shall see. 

First, the distributions of W shown in figure 11 (a)  for both G* = 400 and 460 
at x = 3.4 in. (a minimum is at z = 3.3 in.) are seen to be similar. The peak value 
of W occurs around g = 1.7. The two sign reversals suggest the centres of two 
rolls, since on one side of each centre the transverse velocity is in one direction 
and on the other in the opposite direction. Assuming two rolls, the location of 
their interface is logically taken as the highest absolute value of W between bhe 
locations of the two zero values. At this interface two vortices augment each 
other. The inner roll extends from g = 0 to approximately g = 1.7. The outer roll 
occupies the region from 1-7 to 7, and even beyond. At the higher G* the outer 
roll extends out further beyond the edge of the boundary region; the extent of 
the inner roll seems unchanged. These curves also indicate that the value of 
W/U, mitx at the interface increases with G*. This increase in three-dimensional 
effects with G* is consistent with our earlier measurements. 

The curves shown in figures 11 and 12 confirm the presence of a two-roll longi- 
tudinal vortex system. Figure 11 ( b )  shows a reversal in form from z = 2.9 to 
x = 2.75in. Thus there is a plane of demarcation between these transverse loca- 
tions. On opposite sides of this plane the vortices rotate in opposite directions. 
The input maximum, at z = 2.8 in., is seen to be a plane of demarcation. Since the 
maxima and minima in theinput disturbance are also locations of symmetry, zero 
mean transverse flow is expected at these locations. Similarly, the different forms 
of the curves in figure 11 (a) at z = 3.4 and in figure 12 (a)  at z = 3.1 indicate the 
presence of another plane of symmetry for counter-rotating vortices and we 
would conclude that the minimum in the input disturbance ( z  = 3.3in.) is also 
the dividing plane for two counter-rotating vortices. Measurements were also 
made at  x = 2.8 and 3.3 in. However, W was found to vary with time and was too 
small to be reliably measured. Thus, each pair of longitudinal vortices stretches 
(in x )  from a maximum to a minimum. 

To verify further the existence of such a longitudinal vortex pattern, W was 
measured as a function of x at Gh = 460, and also at 475, at y = 0-25in. The 
corresponding values of g are 1.47 and 1.45 for these values of G*. These locations 
should put the hot wire near the interface of the two vortices, i.e. at a local 
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FIGURE 13. Distribution of W / U , ,  in the transverse direction. 
0 ,  B* = 475, 9 = 1.45; m, G* = 460, 7 = 1.47. 

maximum in W .  The results, in figure 13, indicate that one vortex pair extends 
from about z = 2.78 to z = 3-26in. and that the adjacent one extends from 
z = 3.26 to approximately z = 3-84in. This again shows that each vortex pair 
lies between a ma.ximum and a minimum, located at  z = 3-3 and z = 2.8in. for 
the input disturbance. The slight difference may be due to a shift of the vortex 
pattern caused by the hot-wire sensors. 

This collection of results also shows some other interesting things. The 
measured W/Ub,,, is seen to be always less than about 0.06. Thus the mean 
transverse velocity is very small compared with the longitudinal base flow com- 
ponent. However, we shall see in the next section that even this small transverse 
motion causes significant distortion of the longitudinal mean flow velocity 
profile U .  

The location of the interface of the vortices is seen to be quite sharply defined, 
at 7 w 1.7, unlike the locations of the centre and the outside peak in the outer 
vortex. Although the vortices are perhaps disturbed by the traversing of the hot- 
wire probes, particularly in the outer region of the outer vortex where the 
longitudinal velocity is small, these curves do confirm the transverse locations 
of the vortices. We also note that the peaks of the w/ub max distributions (in y) 
are smaller in value near either a maximum or a, minimum. 

The picture of the longitudinal vortex system that emerges from these measure- 
ments is sketchedin figure 14, on the basis of their average characteristics. Vortex 
pairs lie between adjacent maxima and minima. One vorbx is close to the wall 
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FIGURE 14. Sketch of the longitudinal vortex system, employing average values 
of 1 and W from figures 11-13. 

and the other stretches out well beyond the boundary region. At a maximum in 
inpu6, the outer vortex tends to convect fluid from inside the boundary region 
to the outside, whereas at  minimum it brings fluid into the boundary region 
from the quiescent medium. The importance of this mechanism is the resulting 
distortion of the base profile, as discussed in the next section. Here we onlyremark 
that these observations agree very well with the results of the analysis of 
Audunson & Gebhart (1973). Since those calculations were for air, no quantita- 
tive comparisons are attempted. However, a comparison of the present results 
with the calculated streamlines of the secondary mean motion indicates that, for 
water, the vortices are somewhat closer to the wall. These writers have pointed 
out that such a result is to be expected. 

Distortion of the base velocity projile 
We now consider the very important question of the distortion of the base 
velocity profile U, by the secondary mean motion which the disturbances have 
generated in the boundary region. The mean longitudinal profile was measured 
in the absence of any disturbances and then again with the disturbances present. 
From the nature of the longitudinal vortex system we would expect the most 
significant modifications of this mean flow to occur at the maxima and minima 
of the input disturbance. The pumping action of the rolls in they direction, where 
the largest gradients are found, should be strongest there. The transport effect 
of the vortices brings fluid into the boundary region from outside at the trans- 
verse position corresponding to a minimum in input, The reverse occurs at 
a maximum. Therefore, the longitudinal component U of the mean flow was 
measured at  transverse locations corresponding to a maximum and a minimum. 



360 Y .  Jaluria and B. Gebhart 

0.8 

0.4 

0.2 

0 1 2 3 4 5 

71 

7 

FIGURE 15. Distortion of the base velocity profile component U .  (a) G* = 500. (b) G* = 560. 
0, at a maximum; 0 ,  a t  a minimum; +, measured base profile. 
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The base velocity profile was measured without disturbances at  G* = 500 and 
compared with the theoretical curve from Knowles (1967). The measured peak 
was found to be 7 % lower than the theoretical value. The disagreement near the 
edge of the velocity boundary layer was found to be higher. Therefore, the 
measured mean profile with the disturbances present was compared with the 
measured base profile, not with the calculated one. The results, in figures 15 (a)  
and (b )  are the measured distribution U ,  normalized by the maximum value 
U, mBx of the base flow velocity, plotted vs. 7. Thus, the relative distortion due to 
the secondary mean flow generated by disturbances is seen directly. 

At G* = 460 any distortion was unmeasurable. Appreciable distortion was 
found at  G* = 500 and the amount a t  the peak of the base profile is seen in 
figure 15 (a )  to be about 5 %. At G* = 560 it is about 10 yo, see figure 15 ( b ) .  At 
both values of G* we see that the mean flow velocity maximum is greater than 
that of the base flow at the transverse position corresponding to a minimum in 
the input disturbance and less at  a maximum. 

T h e  consequences of mean $ow modijication 
The secondary mean flow has steepened the base flow profile around the inflexion 
point at  a minimum. The profile is flattened at  a maximum. Thus, there is an 
alternate steepening and flattening of the mean profile transversely across the 
surface. A region of steepening is called a ‘shear layer’ and these measurements 
indicate that this shear concentration becomes increasingly intense with in- 
creasing G*. At such locations the disturbances are presumably fed by the mean 
flow at an increasing rate. This rapid growth may result in the bursts which we 
believe may also lead to turbulence in natural convection flows. The flattening of 
the base profile, on the other hand, causes a local thickening of the boundary 
region and may result in a concentration of buoyancy in small packets of fluid 
near the outside of the boundary region. That this mechanism may also lead to 
turbulence has also been suggested by schlieren observations in the present study. 
Therefore, at  this stage of our knowledge, both steepening and flattening of the 
profile must be considered as possibly significant in the transition process. 

These measured distortions of the mean flow profile are clearly the consequence 
of the longitudinal vortex system described earlier. At a minimum, the outer roll 
brings in cold stationary fluid from outside the boundary region, reducing the 
longitudinal velocity in the outer part of the boundary layer. On the other hand, 
the inner roll moves higher velocity fluid, from lower values of 7, out towards this 
incoming fluid. The two processes together steepen the profile around the 
inflexion point. Although the inner roll also brings out fluid at lower velocity 
from closer to the wall, this fluid carries greater buoyancy with it, owing to the 
temperature gradient. This increases the velocity, as seen in the measured 
increase in the peak value of U in the profile. 

At a transverse position corresponding to a maximum in the input disturbance, 
the outer vortex conveys higher velocity fluid towards the edge of the boundary 
region, thereby increasing the velocity there. The inner vortex moves lower 
velocity fluid from higher values of 7 to the region between the inflexion point 
and the peak of the base profile. The effect of this fluid of lower velocity, as well 
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as of lower buoyancy, is to reduce the peak value of the mean profile. As a 
result the profile is flattened around the inflexion point. 

These interpretations suggest that, owing to the inner roll, the velocity peak 
would be shifted towards the outer edge of the boundary layer at  a minimum and 
inwards at  a maximum. However, the measured distributions do not show an 
appreciable effect. 

In  summary, it is found that the longitudinal velocity profile is increasingly 
distorted at higher values of G* and that alternate regions of high and low shear, 
and of boundary region thinning and thickening, result. 

4. Conclusions 
These measurements indicate both the linear and nonlinear features of the 

growth and propagation of three-dimensional disturbances in a natural convec- 
tion boundary layer. The results are in excellent agreement with the analysis of 
Audunson & Gebhart (1973) of nonlinear disturbance growth whose formulation 
is based on, and consistent with, the striking mechanisms of frequency filtering 
which characterize these flows. The evidence indicates that such three-dimen- 
sional effects are an essential part of boundary-layer instability mechanisms and 
that they may play an important role in the transition from laminar to turbulent 
flow. 

Although these measurements were made in a flow subject to controlled dis- 
turbances, we believe that the mechanisms observed are also relevant to flows 
subject to natural disturbances. Random natural disturbances are the usual 
cause of transition in actual applications. These disturbances enter the boundary 
region from outside and would presumably consist of components of various 
magnitudes, frequencies and dimensionality. 

It is already well established from much experimental observation that the 
flow responds selectively to such disturbances and rapidly amplifies the two- 
dimensional disturbance components and then in only a narrow band of fre- 
quencies. This two-dimensional effect dominates initially. Transverse variations 
do not quickly intervene. However, both calculations and the present measure- 
ments indicate that, further downstream, they begin to amplify and lead, through 
nonlinear interactions, to strong secondary mean flows. 

Our measurements have conclusively shown that a double longitudinal vortex 
system arises from three-dimensional disturbance interaction. As the transverse 
variations of the disturbances grow, spanwise regions of higher and lower ampli- 
tudes of disturbances are accentuated. These transverse variations lead to the 
vortex system we have now mapped. This system induces a flow of quiescent fluid 
into the boundary region at some transverse positions and pumps fluid from 
inside to outside the boundary region at  other positions. 

This secondary mean flow distorts the longitudinal velocity profile. Near the 
inflexion point it is steepened at some locations and flattened at others. 
A steepened velocity profile is a region of intense shear, conventionally called 
a ‘shear layer’. This intense local shear could cause the disturbances to grow at 
a much higher rate than at  other spanwise locations. Given the sharp frequency 
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filtering which is abundantly substantiated in such natural convection flows, the 
secondary mean flows, as well as later events, are expected to be highly ordered. 
This characteristic has also been observed. Thus we now think it possible that 
this simple feature of the flow is the cause of breakdown. On the other hand, the 
flattened velocity profile causes a thickening of the boundary layer which may, 
as we have seen, also contribute to the deterioration of the flow to turbulence. 
However, detailed mechanisms beyond this initial distortion of the profile are 
now unknown. 

For a uniform flux, vertical surface in a liquid, Knowles & Gebhart (1969), in 
silicone oil having a Prandtl number equal to that of water, found the &st 
turbulent bursts at  a G* of 600-700. In  cold water, at  a Prandtl number of around 
11.0, Lock & Trotter (1968) observed transition at G* = 430-500. However, it is 
not clear that the criteria for the beginning of transition were the same. If from 
our data, with controlled disturbances, we take the beginning of transition to be 
the location where the base velocity profile suffers an appreciable distortion, the 
value is G* w 500. This value is consistent with the appearance of bursts further 
downstream. 

Further investigation of ‘natural ’ transition will require a study similar to this 
one but which measures the consequences of naturally occurring disturbances. 
It would be necessary to know something of the initial three-dimensional nature 
of such disturbances and how their transverse characteristics grow downstream. 
The distortion of the base velocity profile would be measured and the downstream 
consequences of this distortion determined. 

A comparison of our results with those obtained by Klebanoff et al. (1961) in 
forced flow shows some interesting differences. They inferred the presence of 
single longitudinal vortices in the boundary region, unlike our results, which 
indicate a double vortex syBtem. Those vortices occupied only the inner half of 
the boundary region. On the other hand, our measurements show that the outer 
vortex stretches across the boundary region and out into the quiescent fluid. 
These vortices may, therefore, be expected to cause a greater distortion in the 
longitudinal mean velocity profile. 

The change found in the peak value of the mean profile at maxima and minima 
of the disturbance amplitude is attributed to buoyancy effects and would, there- 
fore, be found only in flows induced by a diffusion mechanism. Unlike our results, 
which show uniform steepening or flattening of the bas e velocity profile 
Klebanoff et al. (1961) found the development of an inflexion point at  a maximum 
and a fuller profile than the Blasius at  a minimum. 
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